Quantum Hall effect wave functions corresponding to the filling factors 1/2p+1, 2/2p+1, · · · , 2p/2p+1, 1, where p is a positive integer are shown to form a basis of irreducible cyclic representation of the quantum group U q (sl(2)) at q 2p+1 = 1. Thus, the wave functions possessing filling factors P/Q < 1 where Q is odd and P, Q are relatively prime integers are classified in terms of U q (sl(2)).
Microscopic theory of the fractional quantum Hall effect (QHE) is not well established. Its theoretical understanding mostly is due to trial wave functions [1] . For filling factors 1/m where m is an odd integer, trial wave functions were given by Laughlin [2] . Trial wave functions for the other filling factors ν = P/Q < 1, where P, Q are relatively prime integers and Q is odd, were constructed in terms of some hierarchy schemes [3] - [4] where they were obtained from a parent state which is a full filled Landau level or a Laughlin wave function. Here we utilize these trial wave functions but we will show that they can be classified as irreducible cyclic representations of U q (sl(2)) at roots of unity. In our scheme, states corresponding to filling factors possessing a common denominator are in the same representation.
Obviously, a hint to find a universal microscopic theory of the QHE can be offered by the knowledge of its symmetry properties. Here, an attempt in this direction is presented. Moreover, our approach is an application of q-deformed algebras in physical problems where the deformation parameter q has a physical meaning.
First, we show explicitly that the wave functions corresponding to the filling factors ν = 1/3, 2/3, 1, can be considered as basis of cyclic irreducible representation of the quantum algebra U q (sl 2 ) at q 3 = 1. Then, the general case is studied.
There were some attempts of incorporating U q (sl(2)) in the QHE by using magnetic translations to construct generators of the deformed algebra [5] . The approach presented here does not seem to have any relation to them.
The deformed algebra U q (sl(2))
at roots of unity i.e. q 2p+1 = 1, p a positive integer, has a finite dimensional irreducible representation which has no classical finite dimensional analog. This is the cyclic representation whose dimension is 2p + 1 [6] . Cyclic means that there are no heighest or lowest weight states in the spectrum. i.e. E + | · · · > = 0 and E − | · · · > = 0 for any state.
When q 2p+1 = 1 irreducible cyclic representation of U q (sl(2)) can be written in
where m = 0, · · · , 2p, and we defined v 0 ≡ v 2p+1 , v −1 ≡ v 2p . λ, g m , and f m are some complex constants which are nonzero and in the case of requesting that the representation in unitary, we should restrict their values such that
For the purposes of this work there is no need of discussing in detail neither how unitary representations arise in the general framework nor values of Casimir operators.
When N particles (electrons) move on a plane in a perpendicular magnetic field we may consider the wave functions [2, 7] 
which possess the following values of the angular momentum L,
It is supposed that N is large and we take M = N/2.
Filling factors of the N particle states are given in the thermodynamical limit as
Hence, filling factors of the wave functions (4)- (6) are
Indeed, (4) is the wave function when the lowest Landau level is fully filled and (5)- (6) are the trial wave functions which describe the QHE at the filling factors
By making use of
one can observe that the wave functions which possess different angular momentum values are orthogonal. Moreover, by choosing the normalization constants N a appropriately the wave functions (4)-(6) can be taken to satisfy (N > 2)
Ifν denotes the first quantized operator corresponding to the filling factor ν, one can construct the physical operatork
which will be shown to play the main role in classifying QHE wave functions in terms of U q (sl(2)) at roots of unity.
In a second quantized theory, operators corresponding to physical operators of the first quantization will be given in terms of the fields spanning the related field theory. When we deal with the states (4)-(6), the operator
where
N ), corresponds to the first quantized physical operator (11). In terms of the vector (ψ 1 , ψ 1/3 , ψ 2/3 ) and the scalar product defined in (10), one can obtain the representation
whereq = exp(2πi/3) i.e.q 3 = 1.
Moreover, we can construct the operators
whose representations are
One can show that (13) and (16) realize the U q (sl(2)) algebra
if the coefficients satisfy
If one demands that the representation (13), (16) is unitary:
the coefficients a l , b l should be taken as
Then the conditions (18) lead to
QHE trial wave functions in the standard hierarchy scheme are given by [3] , [8] 
iα ] depends on a β and |z
the detailed form of it does not affect the filling factor ν = P/Q. a 0 is an odd positive integer, a α for α = 0 are even integers which can be positive or negative and b β+1,β = ±1, except b r,r+1 = 0. By placing the N 0 electrons on a spherical surface in a monopole magnetic field, one can find that filling factor of (22) is given by
Factors with negative powers may be replaced by complex-conjugate factors with positive powers multiplied by some exponential factors. Hence, (22) can equivalently be given as [9] 
for β = odd and
Now, filling factor is
where p 0 is odd and the other p i are even integers.
By generalizing the calculations of Laughlin given in Ref. [1] and making use of the scalar product defined in (10), one can show that ψ ν states are orthogonal [8] .
To emphasize the second quantized character of our construction let us write QHE wave functions as
where i = 1, · · · , 2p + 1; p = 1, 2, · · · , so that any ν = P/Q is considered. We used the vectors
where the fermionic operators ϕ(z), ϕ † (z) satisfy the anticommutation relation
The states (26) are orthonormal:
To generalize the construction given above when q is the 3rd root of unity, let us deal with the states
corresponding to
Define the following second quantized operators acting in the space spanned by the states (28),K
We adopted the definition |i, p >≡ |i + 2p + 1, p > .
By using the orthonormality condition (27) one observes that inverse of K is
Let the coefficients a i are nonzero and satisfy It is shown that QHE wave functions can be classified as irreducible cyclic representations of U q (sl(2)) at roots of unity in a very natural way. This naturalness follows from the fact that the most significant physical quantity of the QHE ν = P/Q fits very well with the integer (m in (2)) characterizing irreducible cyclic representations of U q (sl(2)).
Obviously, our observation is not enough to prove that U q (sl(2)) at roots of unity is the real dynamical symmetry algebra of the QHE. The decisive evidence of it will be finding a microscopic theory (hamiltonian) whose dynamical algebra is U q (sl(2)) at q roots of unity and which reproduces the physical aspects of the QHE. Unfortunately, there is not any known N particle theory or field theory with the desired dynamical algebra. To obtain such a theory it may be possible to start with the formalism of [10] where a similar problem is studied for one particle. Once the desired theory is available it may predict some new physical properties for the QHE.
Our construction can be generalized to embrace filling factors with even denominators, because representations of U q (sl(2)) at even roots of unity are similar to the ones when q is an odd root of unity.
